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* I B I A O S 
MMM«MMMMMMWMWMM> 
Hi* thooiy of ton^wt and ootoa&oiit fend&oo i s a vwqr fcmit* 
jtiiX ^ftn*ft<*> of diffosootlol gooctotjegrf fijeotXy* boomoo of Hut foot 
i t al&OMi A olowc imi^iht to t(inouiif\X xooultOf ^ti oooonlly i t 
o&oo wBOffldoo nmur MV wptfteilffm In tho otudy of •odooo di^fftifoiitiiil 
JEOOMftSfk 
§3to study of dlf f oxontioX goOEMrfecy of tosgont Iwiidlihf boo 
ooo* dan* Igr fwo ([^6]»»**#[44])« Xohayoshl [12]w JMtaowkl [5]» 
dooo tii&o tho study of diffosotttioi&o nnnlfftlig yfttti otsttotusos 
hoo also ottxootod tho ottofttioii of aofny oothiMitfA&NMi duo to ito 
applioatioa in th* thoo*y of aelativity and da© to i t s mm gooaot* 
rlo Interact and ooa oalnly »o dividod into two aeonpo, aasM^ jr* 
t&ooo "wwllMMlo irtiooo otviiAtiunCL fflcoupo of tho tuaigmt taotdioo 
o*a oo rodueed to oub^ soupo of jnltory esoopo o»g« 
i ) AlOOBt ©Otl$X«X BftftifOldO Of*} 
i i ) Alaoot contact naaifoldo U(m) Y 1 
i l l ) f-aanlfoldo U ( r ) > 0 ( * * 2 ^ ) 
flifrf tbooo aoaif oldo WTioom stxttOttusaX {gseisgso of tho tongo&t tuttdioo 
oaa 00 «tmo§ to mmg&mm «f orthogonal eroop* a*g* 
Jtt % Jt^feiUgrfh^klfe aUMMtf^VftSOwAl M ^ t t a f e 4 t W P W ^ i . & f t o ft (film 1 ^ % - JI ^Mr^ttt^l^m 
U) lionet paxMootMt DonJXeXd»i Q(fc) * D(M-*4) X X 
1U) W ^ O i . , «ft»X«t*)X«*»4 
Xa tlto Ptttif<fBt ^ llwf 1 it ffifiififi 1%y toola of &&?£ovoa$iaX ffttHWftiy o£ 
feoasoait bundles aft w*^ «€.'ftfctAii «f lailuuf gsoaoB* •»/** olaoot ttsoduot* 
almost pftr&ooataot oad jarW-aani*ol4o# «• a m (itaAiM ay*Umr> 
t&oailar* ffftplitrlftr ijorliwirtHift trti Ttrttiialt l&flMi af S^XIUIIRIMO* aa& 
ot&or allied ;pQcopertiea» 
fftm tbeaia OOCIRXSUHMB sis i&aalaiis* l a tixtt tfiuuafam* mm lunm 
%jpff»|^ y diooosoed tlteosy o3f £ltfte IwiaCMwi oai nealfoXAs* wlta 
t l l f f lHWHHf l a £tt2ftlOUl&£t t&OOO OOBOOt l^hjtf^ AMI 9Jf Wti3mtimW6&$ %9 
0133P WOJSJt l a OjQtMMtOUA&lt dUMStMWPS* 
toageat %«fnilif( of a dlw^eceatlable aaa&ffela' itMtifr a liaeaj? ooBaootiioa 
\7 • Sati&f S* fttwino £$$} i t f l a t t end otosAieft alaoot fffiyltgi 
otxttpluve oa the taageat tRia&Xo o£ aa alaooln ooalaot aeaifoldU 
Hotlvateo tef Bonivowildl^ ii <£taala&B will alsdttacllHr ©4f olosttotijusoo 
ftyyyiig a3Uioo$ $iodMO%§ olaost pasoooiitaott ol&ost ifwirlfit ""^ oiisooli 
t^ouNB&foi&dOt s id jtffl^f ttw l^f^nti^Mi id? Tt&u&i i& oooond Oho8ltov$ no 
linvp dftflmHt a&& irfN&iod olnoot p&oduot 8%motair#ai OR tho Iwrgfirl 
otuid&ofli of m,#^ ffffflf^ yi fwwtfifftttliy fRifli olsiostt Miiiiiifiii%o#% MH&ftoiUUi 
imfi. hstno Bhown toatt t@i§ taftgoat Iwifilff 3& of o J&t&Baiiiiaii aoai<» 
fold H i o oa al&toat xaeodoot al&oofe deoo^iujosiiblf> aaaif old i f and 
o a l y i f K i« tettilsr &•*• 
Xn ttaixd oh&ptoxr wo otody A1EI09$ psodtiOi otx'uotaiso 1A pxl&oi** 
poX fibxo IfuadLv ovo? alliaoatt jjosoooolfttot aoiiifold sod ofoow thott 
%lto pxi&olpoX fife&o feuadlo 2?(£ft(}»o) gy#g olaootf ]iojRoootttoo1t saudU* 
fold E adolto an aXaost xncoduo% otniofcuxo «F(tf*o«ll tionimflliMr 
upon o oonoootloii fosa V ond finl-wi* f io ld & 4 # wit • Mi 3? 
asm flffirwiftTU fooo •{ *f *&»!}) i o i&toipeot&o i f and oaljp i f solotioo 
(22) * • oattofiod. 
%BO ffiO^Jifffi O f l i f t » 8 Of tOftBOif f ioXdO* <WWWHWif%i.ffiB Ottd O^URIOlRSSO 
4^Mk 4fe0kflfe'tfhfltfft^fe % u » g ^ | ^ | j|fed£ ^MHAJtt A Vfe l^ ^fe$tffr4fe^ltfl' %MO* ^tttKOMnt OOVfltfE ^Pilfc'fefcdl %Xte<JMfc • ' ( U H B ^MM^B <d^fcJifc 
thooey of vortical, ooojOoto and horiooatol l i f t* of foooos flolde 
flrtt«»oa [43]» (44]* 
l a ohaxtttf XV ta& V* tlio ooatalitto and haziaantol l l f to of 
E^t i^f i^d into i^m taaggat and O0t8ag3&t IfTOil.m IMMI IMMH o%t$i§& 
ftttd i t In phovp that la Eioat of J3MMM> MBWI tha&tt lijfta «•.»» owos 
tac citsuoture of If to 8(H) and E to 2*(K)» A ooc*ooi>OttA«neo 
frofrwooa tbo late^sabilits' ooadltlo&fli of thoso fitsuotoxio; oa If and 
W ^ B * * ' ^ ^^W^HBr >^F»PW ft-* W P ^ W W* Ht ^(F >WW*'rTP^ wfllWHBW^(F ^P^P^^OSP OJUPW^^WMWIW^^O'^p 
I t £o hmnmm Brno, in chapter VI tbat tho §»oiifttxf i t ootoagomt 
IrasidXoo X» aoro oo^j&iootod tHon that of tmignit H^tfiffV* ao oooto of 
tHo stawoturoo vtiloli oso nloo&y &if tod 1& SJ(H) hwyt nooh novo 
ooa:)ll4»tad l i f t * i » casa of «ot03tg#iit ImMlwu 
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s * s & o s i ? 9 t z o i 
Xn this intsoduotoxy onoptos *o shall briefly tiwuoB only 
cortain atraoturoa vhidh m ©hall ho wmm *a ««* o»lM*08#ottt 
1 .1 . 
2ho study of dlf ferontiablo ^ l^iifffiM with vtistuitcunMi Is vwcsr 
fruitful field of modern differential Goooetry. Wxio %p» of otiiiy 
mis intiatod oy A. noil and a» 2ttueo»mn U947) iy doxtning Alaoot 
COM^OUnt atxraeti2X0s on dlffiigwil^flfrlo aaalfoldo* Jiator Omy (19SS) 
and guBBHtl (I960) doflitod i&aost contaot otruoturoo on d3£ftron«* 
tiahlo jgmlfoldt?* f&l&ag (1S55) introduood tho idoa of Alaoot 
Eusoin and Sharfoddla dof inod and otudiod l^^ iHf^  t^ tiraustairoo of 
Alisost £amoont&ot c&nlfold* Also f^fftffty Doshzsulsh eaii BhajE^ oddiat 
doflaod sad studlod pocc^f^stsuotuxro on difforontiolilo aaaifo3^* 
E03S0 vo shall tolofly dlooooo those dofixiltioxio and rosulto wtiifi^  
vo shall lo uoinc In our 0u%89<|u@nt 
hf 
A* ye l l pointed out that th*r* exiats A tensor f ie ld S 
ot t ;p» (X»l) auoh that I* • - I . X* toft aaoo yw» C. ffimmmm 
ftffflniiftfrftd ftB W N I AieojiKtoiial ffufffifflfjs ffffgylmg INMAQS £l&liA J 
ffiftftl&OUl Gftfl tMI JPOftttMd tft> ty(ft}» l i l t toft flNPJtyflftft 1ft HOt l&Mftfft 
tent* liijerfcuia l a (1SS1) M E I M * * {t#t) *•»»«* » on m olnoat 
«CX#U - to, JTj - [X.T] -^[JZ, T] «#fff JTJ 
Hfi4, ehoiNMthat toft r^aBBiJteJjQS ftsf tiiio tonttos In 
0IXS^$JS($M&% dooftltloa f 03? olsost oo&j&ftx ftag&f&Xd to lift 
On ftft almost fl'wrltftK aaaiifold II &£ toftgft aasiftto ft 
tttAH iwfttotft £E ftnto that 
sU*# i f ) * C U , T ) &» i f f • ^ ( i ) 
tofttt II l o oal3>9d na afcaftftt HftXRiti&ii s&ft&iifft3LA« An fttooftt 
fafflft^ l'frt^ 4 in tsQ&& to bo ft M^iS^JMB^J^A &£ && ffiifilntff ft 
3 
mmamUm S/ *M roepecrfc to ubich tlio almost sooplex etrooture 
* 1* parallel I .e . Vjgf « *. 
waa initiated by B<x>thby, 
ffpg and U*fay« Gs»y Goasld&xed od&H&isaQ&slcmtiX nanifold IAOM 
*tructu*al gWRHf of the t a n ^ t bundl* san tot roduotd to OMXt 
as l^^ H!ttwi>wfff ffliftl. onalootto §$? alaoat ooajJlest tiaiaifold* fmf 9a2X«d 
tSfctin almost eontaet DQ&1£O2A* X»s*t«y flBiimM chowNI tit&t ftn an almost 
contact nanifold tliero ojlats a CWJ **&«§<» field | f a vaotor 
£lelA £ and 3U*foasa '4 flfltlffifyttig 
#2 •• - I * n g? £ # n( £) »2. 
f h» &%uiV8l6at o£ the two dftflaitiosm Is ©schibitod ia $&§ f dXlonl!3& 
£63ilXt £9!§fW& ty? 8ftflflfclt 
SfcSftjafc ( W ) > I t a aanifold # ^ lias a (j | f f fn)-«trQO-
tttyg than tim stjeuotuftaX &£Oup of i t* tAQ&tat feundXtf i s roduolttUi 
to U(n) X 3* Conversely alnoat oontoot mimiftM oarri&o ft 
4 
l $ t f fTO-atruetutsu If %hmm exlata & s&mmm&m aatric $ ouoii 
gC*** *« » dx*tl M® nW «w iff «^C« 
Vam tt la called mi alaoat oofciaot metric aiaalf old. if* &§££&• -
a 2-f ace ^ m n by 
f%m Bkow oycuaotrlc mid ie oallad life* funcUtaeatoa 2-foca of th* 
alaout ooataot uetric atroeturo (jO, f>»%|g)* 
&ti&lOi|0u& to J&ai&sj? na&fold a^s&ki doflnod % ffn t^aiffi 
laggiifold as an oltaoot oo&t&ot a$t£to aaatf old oattsfyiog 
«Aia£« \7 io t&® Hiwumzilaii oo&aootlozi of &* 
fits following four teaaoro aro Important la ft* tiioojey of 
aluoet contact aanif old*u 
E 
j^ Cxtx) • ( ^ «) (fl - ( ^ <d (x) 
that & m 9 iapHere 9^ • d2 » H- m • (31«l£ [ 1 ])# Tht aloost 
crotitact fttasttottuM1 MM normal 1$ and 00X7 If thofMi ffattg tiaaacmi 
•Ggaljh* Slhft noraality condition la 
A a o m l contact natrio lanifold la called n^mfktm^ yt^fgf^ 
(1,1 6} fUffflllfflliflg* 
A atnwjrtuiNi CHI a>-di&&i3looal dlJtfoct&tia&lc "wliiffrM 
£;iv©a by a acaJHEBill tensor field J? of typ* (3»»1) of WMfigtnnt 
raak ^ mil eatlttfyint; f5 + £ * o la celled an iblifiit&UEi [3 9]* 
^pJpp^P B^W ^ ^ ^ v i ^VwPJ^^Mve ^P^P*^* P^P Pl» ^p^^^Pj^^p PJP^pvpWJp' E Y ' ^ ^ IWBP^ i | w M r ^PPWWPPWTJTPJP* *Jr TMWPTPWPJ'^MPJM'T^PBPM PP*L ^PpjPF^wVJr' ^^^WPWP'^P^ 
oxrlenlttftle and *»1« h • then an f«»«t:cu&ttt£e gives «& ftlficwt 
oont&at fttsuatuiet oH the M»»if«>ia and & in mm#ffmirilY odd* 
PW PP^WPJ P^^PP"PF P^ PW ^ ^ P ^ ^ P P P f PF^^PwPFTPF ^ p ^ p ^*^PJ^PJ ^^^^PPPP^PPF^PP ^ ^ ^ V n PnPipJ^PlV PPW PUP-PJF iP^^p*^|P^PJp"PP"-P|p^PP||p^flpPPWKMl TIF^PWPJBI^IF 
6 
l a $«atttf o&ft I» ttis apesatiosi / and a defined by 
oposatom sa l tlititi ar$ two eoonl^ontary dlst^featloiMi II a&ft 
2 a oorroopoaili\j to tha pro^wticm toaaoro ^ and » rwjpectlvftly. 
¥i» *&• » * air f a»ir9 *p u ^ *4$mmt$m*l m* \ £* 
(»» )^-filr-joriRiajL'il *bar* diss l! * xw 




 t la? • a f ^ n m m . ^  • «9 
tfmffmt
 9 & » « ? « • 
f aots e» ^ an an alnost complex otructur* (f2^ m -f) and in 
n
 M , ^ « « t e ( A - o ) . » • * « « « « * * th .„r«o f ft. 
ttmlfffld la as follows! 
j^flagflfi (l.l»2)t A aoowsar/ end arufflolont ooaditloa for an 
a-KUoonaional Donifold to admit an f-<rfcraeture of wmk v 1» tl»i 
t&* etmtonA cproup of i t s ttt&nft bun&la can lit reduced to 
I 
A &tf £orisitiJ&&# !~&sii£old of diDO&ftloii a in mid to bo 
ftn aloost proditot f¥m*f'fo*f-# iJt i t adialtd & (&*!} tMWWW? fiold f 
roeh that f* m S# Further, i f thert i s giTOtt ft aiOLanniaa metric 
S BIIO i tirat 
thoa l! In &g£& to \M on alaofji} jpo&tttt xaotrlo £&nl£ol&* 
J?o# X«T # S£ Cm* vo aaar that is In an e&aoot mso&uot almost 
deoo&pos&l&o 3&ai£olcU 
An aliiioat product a tmcture f i s eaid to be into, ^ b l o U 
Cf9f] (X,Y) « [XtT] • tmt, WtJ * f£l# f?] » ftJKKf f J m 9 
f« knw that ate*** contact nanifolAe aro odd-dimensional 
•BtlqpMi <*£ *to®0t ©©»!&*£ saatf©34i# into &«£l**s« almost ua*»~ 
coataot atrviotiLctJO i&teh nay t» concidorod as analocue to aluost 
l^ rodiict stsuatasts* An n-<2in«; 3ion difrertmtiable aaaifold M io 
OOlA 1NI JtUff fill {llEM)8t pOX&OOlltftOt 8t2H0tUZ!# $£ ttMKEW tiKltttfi II 
(***> **u»*? field ## a lH?dm n « i a vector field £ auoh 
tliatt 
1^ • I • n © y t it £ ) * *
 (|) 
SsppiMMi that a Hiorwwlnn oetrl© g§ given la i aetlofylac 
tbo ooa&ltloa, 
dt&* ffl • rfx,Q - mi nW 
thai the etruote* (Jt« £» % g) I* ©ailed en alaoot pajoeontact 
Rif^ ftuniimi atRuetwt ism! M Id anlled «n alaoet pejeaooixtaet 
Hiqnaanlan naaif old. wo define ft 2-fo»a f » I M follow 
Let M (&< t^ n) be aa alaost paraooataet manifold and K be 
tho real line, mmmm mA Sfrngfttdflia til &&** ****** «*•* *» « l 
m ataoet produot etrooture oaa be defined as follow! 
Jtt» * f$ • (J* • * • ^*) fe 
OQ 
S Mag tt* ctoaliMrta i& I and f i 0 -tfuaotion « g { | » 
2hoa timgr hovit oal«alato& the Hijenhulo tonaor of J m i.XR 
and not tho fcOiowla^ four toasts* oa m 
«. * » «# # 
f 
An aJjooot jojfoooatijot w^ff^M H (j)# -^# ?j) in g&tA to oo ifftiff*-! 
An alaoat ip&xaeoat&ot ootx&o fMttffflM n£j$§ f # *if is) is f^Uff 
yiiffimi^ffilfj^ ffBn^iiffifli§ 002?. oopoad to alzaoot pxoduot alsost dtooo* 
poo&olo sfealfold as voll as tSoooldUui ffitw^ffrM la ttui ponim that 
1 0 
la (J.979) Huaala# Seoi&iukh sad S&acftiddlii [0] B&V* defined 
Bad stadia* pora~f-at*twtur<» on a differaatiabla aanifold* fa#y 
tnwt shown that* and©!? ooxtaSjn jpa&taletlozi ©fsjp jamfc If § & JUHKS** 
2>oteuotura r*iuo9B fa alaoot produot otruolmra and fa alaoat 
para-oontaot etauetur*. 
2*s$ IS as ill tiHll??fnffiffEnl diffsso&tlable ffnntf^M andowad 
f5 -£ » o aaale f • lr (a < * ^ a) 
th«i t in ftttllad ft para«f-*$raettira of JNHC r and !i Is ©aliad 
Lit ua put f a f 2 and * » « * * • ! tban i t oan as 
sank ^ • h soafc t u t * h 
Z*at 21 b« cm rHUUaansional gaxa f^woBoifold* i f ran': ftau 
titan 11 beoo&es aa aXaoot pcoduat naaifold* and If xaait £ • &*& 
11 
Ssu9Bfr»f«oi!ycttctiux«Mi la alzaost pasoooataet ssaaiitalda aay IMI 
O0&8i&Q£od a&alogouo to f*#tsaot&£®ii ift nl&ost oo&taot ctt&ifolds 
4 H P ^ F ^ F ^w ™ F ^ F * ( • ^ P ^ F I P W U P ^ P T W ^FHP'^BF IMPHWTW • S S M F ^ F ' ^ ^ J H * W » ^ ^ ^ ^ * ^ * ^^ ^P |^Jf ^PHBPHIWMl ^F W*w ^ F ^ ^ 
tli9 loft tauMaAtifln of a la deriuod by 
x
 Q U) « a X tfoff oil x « fr 
Oroup (J. 2hea (£9 f 9 *i) ti l l , bo oall«4 left invariant i f 
tCm « A(&) for al l a e Q. 
W . U i ULnA*** fszsi lot # e *• on ©lontnt of C 
aaaft i}^  be & z^ttl val&od lfcjwsiig flmotlfla on ft* flans th©> tzislot 
($$• fn* ^A) to oalled a pax&oontaot stsuotuz* on $ i f t&o 
f0llOVill£t QOOAitiOA GlUO 88>ti8»X0w 
0* (I) » 1 - l^(l| ?# f ^(#^) * * 
* * * * * * *• 
1 6 
ttltli tliiB, aXnoat pomcontact otr ictur* g la o*Ol©d & para-
contact Lie-alcatom. How «* fa@®s th« fottowias WMM* I Ji 
JtoBJfi (l*2#X)t If d/)0t ^tt '1^ i s & parnaontaot Llt-cOgataa 
Ifolttt 
for X»T e g. 
gimor^ a (1,2.2) t tot a b«& wmmm^A Zil#-g»up. fNn g 
adsdlt 8 ft lfl£fc i£EfOX?iftnt fl#Bf#li QXftQHSt p&VfUNH&tftQt ftlaBttetlUKI Uf 
end osly If tht Li«-ale©bra & of thd loft Imrurlaat veoftta 
fi@Xd8 Of § ifi ft X&S&CQ&t&Ct M#HlljfaWiRlBftt 
gheogaa (1.2*3)« lot e£fic, 9#f n0) »« a paimoontact 24.«-*l£Obra 
emft I « g i ) p 6 i ^ s dizwrt com of g# and l-dJrumitmml 
2A*-ftliS*liisi P# 8*£*»» tt* iS»fft» HH I flf i tot© itwltf %y 
Hx, a) • ( i^s * ft S*#t \ ( x » 
DM X * g and a e p 
£li©n f defines «a aSs»a* product etowctur* on g* which i s 
1 3 
CHAPTER11 
ALMOST PEGCUSt SfWJCfURiS CM TAItS®T M$8&E$ 
Dowbrowiki [3] studied alraoct cosplex etrueturet on tb© 
tangent bundle of a differentiate aanifold with a linear connec-
tion V * ****** S« Tanno |33] defined Mid etudied aliooat eoaplex 
structure! #11 the tangent bundle of an alaost contact manifold* 
Since alaott product and alcioet paracontact manifolds can bo 
regarded, In 6oae way, as analogous to alaoat conplex and alaott 
contact manifold*, respectively, uaing the technique* of Tanno and 
Uoabrowaki, in this chapter, m atudy alaott product structure* 
on tho tangent bundloa of Eieraannian and alaott paracontact 
nanlfoldt* 
Let M fee a differentia bio manifold with linear connec-
tion V gad 1st f 1 and « danot© tho tangent bundle of M and 
the natural projection of TM onto «• 
Tho connection aap corresponding to V i» a »ap & XIM —> 18 
inducing for any 2 £ TH a linear nap of Wg into %(£}# a n d 
£ 
i s defined as follows* 
Lot A £ mz and let f i t — * 2(t) be a path in TM 
roprcsontins h at t » e# then 
xdCt)} * I 
t & * Urn ••" "- •• • • " • ( I ) 
The Kernai of the connection map K at Z ia the hetlsen* 
tal $ubtpace HTMZ d TM^ , ami the Kernel of the differential of 
the projection map % at Z i t the vertical euhspaee VTM^ C T^» 
If I la a voctor field on Ut then there is exactly ore 
vector field K*1 on TUf called the horizontal l i ft of X, and 
exactly one vector field XV on Ttf# called the vertical l i ft of 
K auch that for any z £ TM# we have 
(a) 
Then m have the following formula© for the expression of 
tie bracJteta of vortical and horizontal lift*. 
Is 
(3) 
titles® E demote the curvatur© of V ( M * Lemma 2) 
Wo define a U»X) toneor field J on TM u«lng the 
connection nap K by 
% M m m (4) 
and 
KJA a % A§ (5) 
where A IS a vector f iold on TM. 
The jorizontai and vertical lift* of X 6 ^ (M) le charac-
tsrigod by 
JXV • $ (1) 
'n 
Then we can easily prove thai J^» 1» whereby thowing that 
J define© dn almost product structure m TM» 
Ueing the definition of J, the expression fox N(X#Y) and 
th* relation (3)f «• establish the following! 
Proposition (2.2.1)i Let & bo a C*-aanifoid with a linear 
connection ^ • H i la the rJijenhuis tenaor of alnoet product 
etrtJCtui« J, than far all XtV#2 £ 3£ (i4), the following hold 
«#«»(XVt * \ ) » *<rCXfY) (8) 
KC»(X*» *%> • «H(Xf¥)2f W 
where f and R art torsion tensor ami curvature tensor of v t 
respectively. 
^ x W l a ^ x V ^ 
* -7(X,Y) 
Ana, rtft(xV%» * x { £«*•*%* ^ v i * v -*<VX*>* | 
IT 
using tho blilncarlty of H(X»Y) and tho fact that N(xnfYv) « o , 
we yot tli@ felUMSap rowilti 
gayfi^i^ (2»2»2)« The alaOftt product structure J is tuttg* 
rabi* If and only i f a » © and T » © . 
jj&aaft If «? *• inUgrabi© !*•» If » o t them from last 
proposition i t In obvious that a » of T « o» 
ConvorsaXy.if E»& and T « o then 
Furthernore» v*> have 
N(X.Y) « JlUX,JY) • JN(JXtY) • N(JX,JY) 
Thua, i t follovra frca (6) and (?)» that 
which prova* thio result. 
'IS 
8* Tanno f 3B ] studied ulaost conplex structure* on ttw 
tangent bundle TM of an alaoot contact manifold Mt Considering 
the ba«e manifold M to be an almost paracontact oanlfoXdf we 
define an almost product structure on TM anil obtain mm results 
analogous to tfiet of Tanno [33]« 
IHUftfttMmi t&% U bo an als«et paracontact nanifold with 
structure tmmxs {#§§> n)» «© define a (1,1) tensor J on TM 
as- follows: 
% *A • W*#A) * 11(154 S (10) 
IOTA » MXO * H(%A) £ (JUL) 
whore A ie any vactor field on TM and K i s th© connection 
FXOQ (Id) and (U) § wo can cattily see that 
% A •* %A and K J*A « ISA 
which shows that J is an almost product structure on XM* 
is 
For horizontal and vortical l i f ts of X € ^ (M)f 3 i t 
characterized fey 
jxfe » mf • CnW £ )* Ci2) 
find 
jx¥ n Cfe)v 4 (n(x) £ )K (13) 
How, in osde* to get the integrability conditions of almost 
product structure J» we shall calculate tho value of N2(XfY) 
for Xf¥£ % (M}« U'O shall, provo the following. 
fifflfflOfftftpi| (2t3.i)s I f i}(x) and n(¥) art constants for 
•nCx) uC v y * ) % - u(¥K v x ^ > S CM) 
K2 nz(xik#i/) « R(X9Y)X * nttx, |v)z * fci(x9fer)x - te(fc<,Y)z 
(is) 
z 
*# M ^ V * ) * u&H v *r»f ««I(Y)( v «m> f Cis) 
and 
% % CxV) «• nM 7 . #.Y • %M V f t * (19) 
tlSSit Dy virtue of (2.) from Chaptar 1 and (3), (12) and (13) 
#f thia chapter, m $©t* 
Z Z Z 2 
* cx*?3 * % tmK MX> * > \ ( * > * (n(Y)^)vj 
X 
«% JUtx)1** Culx) $ )V*J «% JlAMMiCY) / **) 
» [MMM) •** {a(tK9Y)z * nCxrtr)x \ 
*^ (VyQ>(X> • tVx^ HY) • CX»Y1^  £ 
» «*(*#> -nCiKlKtY) *a(MY» 5. 
Thus we obtain (14)• 
tiext, we have 
* BtXfYte + n«fcx#4>Y)z - <)R(X,4JY)Z - M*>x,Y)z 
«*$%#*) ? 4 *iCxK#*V
 v£ • V ^ > J 
which proves (15) • 
Tilt verification for (16), (X7)# (18) and Cl§) can be done 
§lalta*ly<» 
If we eaparate each tar© into two parts according at It 
contain* Z ©r net! then from the relation* (14)through (19), 
ft© h a w 1 
Proposition {2*3*2)t Ait alooat product etructure of Ttt» at*** 
cl&t&d with almost f&racontaet manifold M and linear connection 
22 
7^
 f i s intagrablo If and only If the following aro ©atieflod 
M%#Y) * * { ^ ^CVf § ) £ * f*{Y) *CVx% )£ « o <20) 
N2CX*Y) **(x)($v y ^ • V^%) ~n(YK*Vyf - V ^ i ) • © <a« 
fj(y) N3(X) • (Vx*)(t«) * • CV^nXv) j • o (22) 
4«Vx*tf - V ^ -t»(V) H4(X)^-fj(X) nCYMV^iXY) * • <»> 
Vx)< <7, *•*) $• - *<*>( V, *x)f - * (s») 
and 
a(X fY) •R{|K#*Y> • $ [ a(Xflir) *E(tK»Y) j « o (26) 
f ho condition!! of intogxability In tho above proposition aro too 
complicated* However, thoso condition* axe groatly simplified 
i f r/o take tho connection \ / on M tcbe Rienannittfj, in which 
caso wo have tho following! 
Proposition (2»3.3)t An almost product structure on TM» where 
II io an alnoat paracontact aanlfold with Rieftannlon connection 
H i l l Intestable J if and only if, the structure io normal and tho 
curvaturo tensor satisfies tho following* 
2 -fit 
2 .4 . Mitfil wtflttfl atoaWftwrawaVlft aanU<?l<3' 
Lot V *• • F.lemannian connection on analaoet product 
raanifold £1 anil let J bo an almost product structure on It* 
m know that a Rloinannian ootric g en tho tangent bundle TM 
of a aiemannian raanifold (%§) i t defined by 
g(X,Y) i» gC%K» #^Y) • 0(KX# KY), (28) 
where X and Y aw vactor field* on Tit {133* Using tho 
fonaula 
2fC VxVf2) • 5Ul(1f#2) W^Et l ) •2»BxtV) * VEXfYJtZ) 
ie can easily got tho following expression far covariant 
derivative with respact to vortical ana horUontal lifts* 
2 ,1 
and 
F©* «U XfV € * (H) and 2 6 T1 WliSf* P • *(z}« 
How, using the relations (29} through (32), w« heva 
( ( ^ «(v»»z- (vx„ *i\ - Jt v^ y')z 




We also hav* 
C(^ 7 *)(**)> * | C^ C2# 3 ,^ y ) , (34) 
«^
 t Jifif*)) » »4 s<9Ev V V * lm} 
(CVt lJ)cA> • • • (36) 
-o r 
whow x,¥£-?£ (H), z£ TM and P »«(2) • 
Bone® wo have Iho following: 
Thoorof (2«4*l)i The tangent bundle I'M of * iUemannlan mani-
fold M is an almost product almost decoapotable manifold If and 
only if M Is totally flat* 
2G 
AIUQST FBOftgr STffiCTlftfiS JTJ mSBCJBPAL FIBRE BUNDLES 
W£R ALMOST PARAeOtTACI 
HU1IFQLD 
S« Tanno [33] has atudiod aiaoat coaplox structures in prin-
cipal ftbro bundles over aiwost contact manifold?. Looking at the 
analogy of those sanifolda with almost product and aiaoat paracon-
tact nanifolOia, respectively, and using the technique of Tanno, in 
the present cliaptor, wo hove 3tudiad altaost product structure* in 
principal fibre bundle* over aiaoat paracontact manifold* 
3.1. MBI* praflifit ttwtett m yfrfifa il* 
Let P(MtG,n) bo a principal fibre bundle with structural 
group G and projection * and let ti bo an arbitrary connection 
fona in F. Let uhf ^ v be horizontal lift of u £ S£ (**) and 
* fundamental vector field with reapect to At&> respectively
 f 
b being th« Lie algebra of Q» Than wo know that [33] • 
IA\ I*1 « CtAtB])v ti) 
9r} 
for A#B£ g and y t v£ S£ («)# whero_fl i« tho curvature form 
of the connection* 
Lot (f
 t f * if) bo left invariant almost paracontact etruc-
tur® on a connoetGd Lio group [U]« Using a connection form IS 
GII P and the structure tenses ($, £» n) of S» we oofin© an 
olcjost product structure J(wf a, b) on P at follows* 
«(JX) « ifasx • ( a I im) • bt*(«X) V f > (2) 
iCJx) - f (wx) • I %mHl«**2) *K*x) -tSCwx)} f. (•) 
whose X £ 3£ (P) and a and ft are arbitrary scalar fields such 
that a ft o on wholo of P* Then wo can easily verify that 
and 
w( A ) • sue 
whoreby shewing that J defines an almost product structure on ?• 
Vie shall now discuss the intograbillty condition of J(W»a,b) 
for constants a and fe# 
28 
For a fundamental vector field Av and a horizontal lift 
uh, wo have 
Uv m (fa)\ af(A) 5 h • lS(A) f C4) 
Jah « (to)*1 ~ ton(tt) f K *Hl*ft n(u) £ * * <5) 
Than It la eaally mm, that 
J2 Av • Av 
and 
How, In order to gat the intogrability conditions of alaost 
product atrudtuxa J(w,a»b)# m shall calculate tht value af N 
far AaB£ ^ and « fv£ ^ (M>* Putting TI(A) » a, n(u) -^ # 
"(D) » p and n(v) « »», wa shall prova tho followingi 
Prooottltlon (3.2.1) I If il(u)f rj(v) (l*a* A r I* raapecUvaly) 
aro constant fo* u»v £ >£- (I3)t we get 
• !3(AV» Bv) * *d %(A»B) £ • ab £aSa(B) • ^3(A)f f (*) 
9 f , 
« iitaVft • -e <s a2(«) ~ (w f t > $3(A) 9 • cbs s3(y) j. 
11 N teV ) - a^U-b2) ^ $2<A> -a «^.( ^fCW11} 
• (*-b2) a S3<II) J • aba n ^ ( £h f u11) f 
• «**U-b2) b A $3(A> f • aa f _JI ( f * t A (9) 
«&(«*# J1) » S(«»v) -b S^UfV) f *b{ J S2(v) -tiS2(u) } 
• as> n [^i ( A % V > • j l V V fh) } 5 (10) 
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•Her© v* aettiiBO that 
1(4*3) - tA*B] + [jAt | 3 j - # [A, Ifa] - H I M ] 
* ** * * * 
JSflggt By vlirtu» of (1) ^(5)# «• &tts 
By virtue of (2), m got 
« r3(Av,ov) « - anCfA9B] ^ • aba 1! £ F . B ] 
• olftw $B3 J- • a$£ i Dv#y 3 9 
* • a S|{AfB) ^ • olJo 13(B) • p 33(A) ^ j . 
Thut wo obtain (6) ' 
Next* wo have > 
«tf(fc*trfB3v> -atA,^3v «*<tf EA# j3 V ) ^ 
By virtua of (3)# wo got 
Of-, 
• te£l©»^3 • b% I IA,J J f • w th*Il 
which prove* (7). 
The verification for (8)f (9)# (10) and (11) can be done eiailarly. 
Using th© relations ( 6 ) ^ (11), we can prove the following! 
Thaoroq (3»2«2}s The principal fibre bundle P(MfGf«) over 
almost paracontact manifold M (on G we fix a left invariant 
alaost paracontact etructure [li]) admlta an alaost product strue* 
ture JU*afb) depending upon a connection fern li and scalar 
flelde a + o and b on P where a and b are constants and 
both aimoat paracontact structures are normal. Then J(ita9b) i t 
intograbie if and only if the following condition is aatiefled. 
^ J u V 1 ) *-M*tt)ht ibih ~ ? \-SHtto\J>) 4j^(for)h)]«* 
(12) 
9 ^ 
iX22£s Sttppfcs© that a and If vanish, which mean* that 
sl s % " s 3 B | ) ^«l ^ " V V ° ^ d # *****&•** «uppo«e that 
J lo Intograblo, Thon from (G), we have 
*3 JL( £*# A * * (13) 
Froa (9), (|Q) and (13)* 100 ftt 
f JL( 9 ! l t -A *JL< fr*t <••»*» • # (**) 
and 
1 ^ ^ ( ^ t (t*)11) •JLl Wh t &\ • » (*») 
Fraa (13)» (14), (IS) and (11), m got that 
^TjiiV1) +JLMM*, (W11) •?[.JL((••)*#A *-JL(«llt(#r)ll)j *» 
Conversely If S « ? » f i and (12) hola, thon tfi# alaost product 
structure J 1$ integrafcle* tills couplete ttit proof of the theorem. 
rrccs tho abovo resultt in particular, m ham 
Cfff^layy (3.2»J0I If _TL It ©£ type (1,1), thin J 1» lntegrable. 
£ifiojC< Consider 
^ i « # f) - JLlXfJ*) * © (16) 
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Putting x « uht Y » Av in (16), wo hav© 
or 
oar 
- a 1! (A) j ^ (uht ^h) * o 
which iraplies that 
j^J u\ j , h) * © (It) 
Again, if wo put X « uh, Y « v11 in (16), wo have 
^ «•»>* -N(a) £* • a**(M>2) f**t v*1) 
• j ^ t Wri* ~tm(tr) ^ h • «f*U«b2) j**) « o 
* * » 
^ U M V ) «*)(») j U ^ V 1 ) - JL(uh t(#v)h) • hn(v)a(tth, ^h) «c 
9? 
Then, from (I7)e n@ got, 
which want that (16) and (18) ara equivalent and J is integrable. 
Conversely, i f J i t Intoorabl* aad-TL i t of type (X9X)$ 
thm i t i t eaty to aoe that, 
fh$M completes the proof. 
In view of Theorem (3*2»2)» at a particular caw, wo have 
th© following vettlit* 
^yoooaltion- (3.2*4) i Suppow that the alnoai paracontact etructurc 
of M satisfied Bg » o» Then J(n,a,o) (a jfo) i t integrablo if 
and only i f 
$ al£ a o 
and 
ig$ffl$ &&£&&*&:• x* * •» «# «t hava from (?) that 1 « *» 
Bwt Sg » »»([&-# v] • {«# W ) a o inpUe, that 
% Cii* ^ ) * 9 {( fte* <c 31 » • and a» »© hav*, 
£2(u) ** tlttt ^ 3 
1© not that 
*)(S2(u)) « 3|<% C ) «= o (19) 
Faroe* C8)t wt gtt» 
m& fmm Its.)* w© ttsv» 
!3«tfif# i f v* replace u in (12) by fra and operate 1 throughout, 
wo gave 
But #% ** H * t|Cn5 ^
 f and eonftequontXy 
% J l«M* t ^ ) ~1* tC«J J U ^ t «Nr)fe) 
which Is $;» at (l^)» tiling thSft in (10), we get that S * o. 
§t|fff$ci^yt ifr follows from thaoraa (3#2#2)» 
Thlo completes th© proof* 
JUli&t By taking t a t and b « • a» particular ease ne got 
tho reault cersosgMmdlng t* the theoreta (3«2*2)» 
SUfS 0$ §W0fiffi3$ W &M!30ftttflNI H f 0 
In tii© ptmmt emptor, tho aoaplete and horleoatal Si f t* i f 
ataast p*oduc% Alaoat paraoontaot &ad para~f~atrttcturo« on a £iv«a 
a^tif.^^4 into I t s taaL;®at buswtlos tot® bo«a &tadlod sod It la 1&0VU 
i s a t &EL saoot nf 'Haws® 00008 t&ose XlXtg iKyesy #y©ae tb$ atw»oti»0 oC 
H to 2(H)* 4 oorr«8j»cmdmo# bettreta tho tntecrabtUty condition* 
of thoao atruotujeeo on II and $(&) haa also boon stnditt* 
4 .1 # IntgoAiifltl<mi 
£9% H bo an iHdi&oiioloiiaX &1£forojati&bl6 WBso$St>3A flUft X«t 
f(&} bo i to tm&Nt bsuadlo. i*U f b© a function l a &• 2h«a 
tli» vortical MM #f f9 laonotod by £v in 2(21) i s defined by 
Let n n vector fiold la & SH vortical l i f t of X ia I to 
4li) doaotod by Zy, io dofiaod by 
"39 
& {»> • Mm". 
f bolng an arbitrary l-fom In H ant 33? that la 2(H) • Thm 
V* too* that [39] 
fff(s5 • % (f i )* • # i* 
Off, # 1 * O
 t ?*I* o 0 
tfhoro f^^°([-l),p VI^ fJ(M) oad *vf | (M) , f!» *ea§a*t l i f t <*f 
ft* fimctioa f In ;I to fCiU* denoted *® &9 U dtfinod by 
f° - 1 Cdf) 
She oon>jfl.Gt© l i f t of X la n to 2(H)




X* f * * # t (««»* • * * X* 11* X* • o 
Ir«r]**t r s f i i i 
f&» eoniaot* l i f t «f «bt ftmotloa f in u to 2{li)» imttft by 
Wm taagiUtt l i f t of Z in M to §(fi)f 4«not«4 bgr 1*# la 
def iaod If 
anA t!i8 oou-lGto l i f t of y i* II to §C*# itttstai by «*, i s 
afwiSCKl I f 
*• Oft »twCxj|# 
Shtn i f i s boom that 1^] 
C*30® • f® X* • i f # f {** **) * (Xf) f 
'41 " 
£A A «1% f f
 f CA ^ 1 • C% *f* 
^JteHajayt we aluo know xtot tSie horizontal i l f i » c^o defined $y t55>3* 
be an almost $£9&i&£$ atxtiotaad on ti* f# kaotr ti&t «T i t i&tt&3&$ld 
i f «&• m4mm$M torn®* i |{%H ©f # i» MaaiaMHaiy wa& to 
J$flnr# vt SKEW 
12 
* I* 
fiats*. I 2 * 1 m © if and eeiy if C ^ 2 - S » ©# 
t^t» if 4 is w olsootproduct atruoturo in % 
almost product otstitfett* in ^(ft), Mm$ using ***• 
HMHEI ^ i s SR 
*V# * V 
¥# Hit ttet Je in x{l% i s integral}!* if and only i f 4 i s 
intolerable IA II* Urns us frBVS 
(4.2.1)» »»# #£"$ | t l# t I11 
etsttstsst on i(!l) i f and only if m ds&s 4 m iu mmmm§ 
J* in iatocrabl«» i s £{a) if oad oaly if so ia J |& I . 
ss 2(11) 
Xnt&tia&lllt? of J on II iaolioa 
the cottToxst Is sot true* 
Anvft^ irwMltty of J° 
i£S££*fc-2* 2 :e abov© Eomat i s teas in oaao of horisoatol l i f ts 
X»0t IA JiNlisionala&aX d&fforontlabls fffflmifffld II Is 
vith an alaost paraoontact atructmro C## f t 7 )• 
A* 




"Jo aw detfio* a (1,1) tmms field F on f(li) by 
# » <r * i| g) cv • if g) $m (3) 
fhm i t Is eoacr to show that 
S2 I* * I* and J 8 ! ? * ^ 
HiBSt w have the f ollcwinat 
rtsrotac* ($*£ t ')• t&« t&ss© oxiats in. 2(H) aa alooat pzroduot 
e^ suo^ ore defined by ($)« 
&K&MiIS 3U 7XQ®. (3)» w§ got that 
JNMBU C'2|f taking' hosiso&tal 2&£ts9 wt nirt 
* 
*?•<?••» **((*>«•# ^ { ^ » i 
Hev* if we define & fXfl| toasor £isld J la 2(:) % 
teat i», 1 daflnsa an atooet peodaot Mcastacf is 1(H). 
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M we calculate Jig* eat JB?# «• g«l that 
« 
asaafife 2. Xa <»hapt;©r II i t have* i«^»e i that f m *fwgr 
field A In 2(:) 
C©> 
V&9S9 9 • W ^MSIwlW i f t * ' ^ ^ ^ J P ^ ^ " ' IWWil 'WW •'•WP^W' 
to note tiiftt J defined by (£) ooiaaUea tiUfe £ f 
4#4« 
&§$f II INI an, 41fj>ffHBiJll<ft%lr# IKUllf<»ld» (BSI&0W6& 
wJLtfc ft paaea^f•HBisi!actui3?s $ £ xag£& h • <L #.sr * • 
m% m mt 
\ m r 
& f f 
2H«» 4t can saaiJ^ be ooea tUct 
-f • » • I
 f ^ • a » • . -f » # 
route c • V" » asaaiE a » a *»• f 
f » a * a f « 9 # tr mm 
BqaattM* (9) GOT tbat there M&at In II two ocsaaiecwatary 
distributions ty ma£ &m eorccmpaa&iii^  tm ttoa pro^9etio» teaaor 
¥&«& ths £as& o f ^ i a ' r ^ B ^ i a V " *4is©ssie-m3> aafi 
DJI H ( a-^)^^tr:onnio-ai, ikiiw dinensSom «£ a *» a* ant 
1) A mwmmas$ aaft &®£f$j$$mt condition for affi ta b« iatfgmt&§ 
i s tuat JCSH* as) » 0 £Q* ©asr x»T £ °J | M M* n is tha 
i# tJiat EiJ(XtT) « * for any g ff £~f J(;:). 
I) 4 nootfosarjr oad auXficiont cocdiiioa tm & paj?a>f-etraotur« to 
!»* partially in^ara'Dlt, i s limS 
4) A ammaqr and ciufiolaat condition foe a pora-f-etruoturo 
tn bo iajsqgaftl* la ttefc# 
U(XfI) » o f for any i t f c <J ?K)» 
BUBO 
Wo alao .j«t tbat wmk (f°) » 2 h ^ ®aa" only i f «tnil(f) « {-
fffrqogqga. (4*4*1) I Sh* rag&ftta l i f t ^ of f e 
p«a-f-»tnietur« on $(K) i t fast o»ly i f f la a rara-f-etruoturo 
oft ll# and t i s ©f mnfe(*) i f and §1% if f® ef mafc (2 I- )• 
HW* l i t f let ft Kttm»f*0'tsuctttst of xtu&fe s la Ui f&sa 
tit* MgA«t» ilf%& (?° of ^ nai i 1 e! s are §oa#l§Eti«if$*gr 
p.«|9ftiom tomm in 2(H)* $!u§. tti§K# eaiato i$i f(ff} two 
30 ii?Ioneatairjr dio trlbatlone 9
 g and If 0 dateline* by / ° and 
»* s«ayttttiV4if* 5to» dlsrijsl&af lom 12
 e and u art respcctivol;; 
t l« eosflott Ifft» i)° aod flj of ». aad Dn»; If « dimott 
jo 
fey M m& H° mm xfc£*ttgS» tanaes* of f and ^ respectively, 
tfeltt tho ooodltion (1), (2), (3) aad (4) azi» rospeotivaly, equi-
valent to th0 following oonditloaa. 
C4)* *•(## ^ ) « ® ^& mur X*Y t f | ( ! 0 . 
2&«n «® Jiar© the follwiaai 
IWMttUi (4»:»2) f £fc* cjor'nl«te l i f t ^ O f i pcxv-fwi-vraotfUi** 
£ in S(M) oat4ui:iea one ox %j» UrttBBrtMaitqr oQUftitto&s U^' t 
C$M# (!}• tm& (4) ' U mad only i f £ s a t i r i s e Ui« oo**«a£>oaaia£ 
itt^^cniblllt.T oonaitiioa i s 34* 
4«5* 
If ws 301131401? th* ^odsoataX lift Of f3 - f o Qt VO COt 
tlwft ( # ) S • # « % 
BeiPt i f f tsaa amis {)r) fe«! # haa ante {f H t $md 
r4uenUy# w hmm the fi&UNd&gi 
'£8 
ghaoraia (4*§*i)i ®» aoriaontaX l i f t I s of f t ^ pit) la • 
galls (j») if aaft oaly if * Is of iwiJ1* (£?)• 
' Sow* 349% f bo a peue^ f^«HBtvuotoco of xaak {») la K* faoa 
ttio aosiaoatoX l ifts # of P and r of a ago hojstaoatoX 
P2?o;joetlo& toaaoso la 2(E) # &£sua taoso os&otft la f(S) •**> 
ho&sont&l dlstrlbutloas p
 g oad i)« dotazadnod toy p aad 
or, mspMtlvaly* SM dlatdbutloiia flH sad a - am, MoptoUMX; 
tho &OS1K»ML l i f t . | « * Sg rt B^  « d V J f w O w H 
%y M and I tho iiijonhuia tosooro of f and r* aoopootlYoly, 
thea the ooaditioa (1), (2), (J) and (4) «*•§ roopootivoly, 
o l^^ SLleat to t&o following ooadltlonat 
CD" #(##» »?#)«# 
(2)" #*%?» Is) »o 
C4>fi W l ^ » 9 » f#* Xfft^ltf^t 
S&oa 99 havo tho following rooulti 
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appuatAtlfla (4*5*2) { £iie hmdmmtul l i l t £l o£ & pam*f-fstruo-
tux?© f in E aatlei'los on* of tit© iatogsolziXlty conditions 
(!)»% (2)**, (p)*' and (4)" i f and only If # aatiofioa t l* 
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mm® w mmmmu mm A msm^m^ 
m 12s ummamm mmsmu 
Xa Ofiup psivious oi&ptfVf wt studied l i f t s ot e i^nietujfes 
fgoo a taanifeld to Ma tsatieats bundles* 
In the proaent chapter, «$ study l i f t s of tease* fields and 
eteotures fron ft aanifold to i t s cotangent bundle, ths notion of 
which *as initiated If *aao and aitterson 10} sal iato [30]« 
9*1* JBlBlllitlfflP 
Set if bo on &*di@ssJ&oiisl dlf f exenti&ftle asnifold sad 5f?(i *) 
%h» ootan,;<»1; epaoe at f c &• Coaaidsr the ootan^ent bundle 
5*(il) * 0 2*(r0 over tut nonifold if* fhen fo* any point P of 
the bundle projection * t 2*C&) —^ VU Sa« vertical l i f t of 
£ t i$*m+ a, denoted by fv# i t th« funotioa on T*(ri) defined by 
f • f o t 
Pox a vtsotoi? fioid 2 la Hf vc define l ^ whlok & fuatftdsa on 
f*la) dofinad by 
IfamU where U i s oovootor field In 2*( Jl) 
M® • t) * irs • y ft {Iff) C**J • # 
*®» any f t $ $ * ) , i « { J( ) aa* s#f c J | ( ; ) . 
It Is also iBtwfli that 
(««•»f* i* • { « m% im *** H*$ 
|% <N> ** „ 
c ir* i? • y % » c ^oi (jc t > » * § 
*• a • f |{H) nat i f f **f §{!»• 
yor any f e fj(M) m n cf |(: 
'5 o 
i f anfl onXy M &{Z9 $f) » 4&£§ ! ) • 
MO aXao know that 
13? V I* ay^ EMrtalo offlsto oonaootloa la ^iff^rfBtlfl^ff 
fold B# thou tho hoslaoatal l ifts In 2*{K) art dofiooA oo 
foUossi 
5.2. /urumt. iitiMl Ptartface to **W* 
2h« toraion i f f 9 of #,# c ^ J(iO lo of f^o (1,2) 
i s dof laod oy 
Ug JMI m tm$m • £o&* 2f*J «^I«ifl ««ta»i} «"ifW*J 
-OtX,FX] • (TO • OT) [1,1], 
.her,
 X,T« iJCl). 




HjU.T) *§* % j(X,T) - CX,T] • [JX.JT] «#fX»<f¥] -* [«»! ] • 
Us) *• •#'<%) Ci) 
j&$flgt I t i0 sufficient to ehw that 
9(4It I) * S(S# #1) 
«* *> #r -•# 
£ttft& 
^ «• * * 
bit 
iia^aaliiflfl (5*2.2)x if M t ^ J t e h tan* 
WirrMffUfir ' " - » - " • tr rtae°£|(H), «MM, 
O^* • W^# • ir% (4) 
» • s* (g) 
vhoro M daootoo tlio torsion off f audi G» 
§©#» vt aaa easily sgove tltt follovin&i 
^ ^ a i t i o n (9»2«4)t If J lgaa almost pteitisst etwtcturt la It* 
fHf?i i f ijf 1© aa i&t*£p£&&Ui alooctt psftmot trtmiotasw la l$$ 
the* tut complete l i f t J* of J to 2%) 1« an lntterablo aliKJot 
product atrueturo i s 2^(.i). 
5G 
In «hat f ©llowo, m prov 
PrgmmittM (5«2*5)i Let J b« aa alaoet jwoduot atxusfeu* la 
M vlth t&* Wijfffifinfii toasost $• 2&tft 
i® - * * im 
la as olaoat season atrostoct u fl (h)* 
** * * > 
But Bj«H and J 2 » I . 2h«m 
( ^ • # ff tifl)2 • i 
ppoooid.tio!ft (?«2*6)s flit fuLiotrfc product etocuotaa* •**•» $ <3f (SI) 
in 5**(H) i s inta^sablft i f aod only i f th« alzsoot zxxoduat stxao* 
^P^flPBaF ^ aW a^W #^ pWa"ar • • • > ^aaMHF aapWaw a^ ^^KfJ|^a^a^aa^aW***^^ar^aF 
UB t^ft i*&ppo8* that 3 ia intagrattLa, than 8 * o and ao, 
9* - # frCWl • •*• *****& iapllofl that J* la also latagsattLa* 
UonYersely, If «• auppoaa that *** * f <N«I> la Sate®* 
cable, t i i« the Kljotiftuia tansor 8 of J* • § 2f (W) i t aero 
KiM") - Dt'tt8] • ! ( * • - * K <w»*,(* - * y (W)) 1*1 
• (*• • * Hs*» ft** • * H»0>A i*j 
* fr I <^*Mb~ (wM C ^ • # (KM 
- t^.|* • I (M9|)( # j * • * (K)x* } 
TO. 
thou th© above ttauatiott <*»» IMI written &• 
if0§*# ^ • » (WJ* • £ * (6) 
line* 1 ia wm9 m got ffcou {6} 
* 
wtdLoSfc show HMMI 
1 (X f T) «• o 
5*3» fw^tf Uffiti ftf lMHiiiitraiBt la s'( )« 
]*$$ 3 1N> an sv*il&$3ialoiu& 4itfffwwit%liiKI# EM&lf o&d ea&owtd 
Wdt& ft p&BB^f'-StVUQtUVQ Of XOII& V" # O < V . < Mm 
I t III known tli^ tec h 
iasuautiUAtt (5#3»1)« ?or aay £ e ^ | U ) «* haves 
KiMwe® § lit fcht ttte&Log! of 2 and f^  out 9 Is t&t £U4at&ttl8 
(£1) (Xf I) * £<(*,?) tms any X#f s if J(ii} 
Xsi irtUwt of Hfilt?j thft fomenting ocm easily IMI cttftl&edt 
ProaoaltiQii (5.5»2)t Let £ be a paraHt-etimotiie* la M and' 
l i t H b© t it Mljoafcuia tesao* ef f and f • 2h*tt r l i e 
pora»f-otrttotu«x In. f*(il) If tad only lot 2t m ££• 
0*, •qulvaltatlyt If ooft oaiy If 
H(Et If) + ff(f*t T) • £8{X,Y) * # 
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1 #** m g a m th« foilowincjt 
C^OBSUttiiflB (5^«3)l fi*i I be & paxa-f•a1SBuetur« JUi % let 3 
b# t^ io Hi3«ahuia tenaor of If and let f be the tor«lo& of f 
and f% $&§&$ 
&&£t Suppose that 
P« (fR - 22) (I T | f»). (8) 
If I I * | M , ttai^^ 
&&& 
CI® * y*l#» WV ^ • fr C% f l • ir% 
ci* * r*»* ** • c*V rfv- rt% * • • % » * • ^ 
Hsaoo If virtue tf proposition (5»5a)t m hav« 
On tii© ot&tt- liond* «• have fxam (8)« tUat 
2hua# we have 
( i * • &'<*-<*• * yi) «o» 
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5*4» liffirtnwtffA Mjglffi tf ntafflif pas te l . 
Wo show, la U^ilo section, ttmt horlBontal l i f ts eon bo uooi 
to "nfrtwiTi al&OBt avo&uot ini& aliaost mix&"f*"tirt2tieturos in tho ootatfc* 
Stat tanAlos 
It £ t f J(II)» then wo *ao* that £59} 
2ho tmit toasor flold (X) of typo (1,1) to f*<m) i s also tho 
unit ttnsor fiold (I) of typo (1*1) la f*<M). 
i . t . I? • Z 
Slum* If l?(t) i s a polyaooial of varii&l© t* tfcsa wo hawo 
for any I* e 
If J e t J(II) and satisf&os that J* » I * thou this iaplieo that 
And if f •<$ J(:) and satisfies that fs • £ » o, then this 
!a$lios that 
faesofcotf vo hare 
JWlWfllttffll (5»4#l)i Let J bo on almost produot otruoturo la 
prodaot etrueturo la 2!+{h)* 
jaaafiSlttflB (5«4.i0t I* £ ia ft por*-f-«truoturo of stak r 
ill B with ojuaotrio &ffino oonneoUoa \J , thon 1° io * 
&aj^ f«»0t£u6turt of sank 2x IA f*(H)» 
0£ 
mmmwm mmm 
Vo mm la Ctoptera S T M A ? that tho eaapleto oaft hoalaoa-
to l l i f t * of both tho Almost Product and ifcm-f-otruotaroo UITO 
tho oor-oapoadlag ntaeaoturOB both l a toagoat and ootoajoat 
bOOdlOO* 
Xa ooao or tangent buadloo tho oomnloto l i f t of mm*€~ 
otwcturo el?** tho mm otsuetaso* iftwauo la oast of ootoagoat 
bsallo tho oltuo. tloa la not oo aiaplo. i?ev«rtholoo* one o&a 
dofino a £NBft*&*«tsoofeuet oa i*(^> la tex&a of tho oosnloto 
l i f t of a itejsv-f-otiructuro on tU 
laotly, for ton^tmt bandies «o havo oooa'la Umm of too 
OB tho oooo rawilfalii «o oaa ooaot&eot Alaoet Product tftsosta&o 
on 2(u)# onion, l a tuan, oolnoldto ulth oa Almost Beoioot 
Straoturo IntrinoloBUy doflnod on ftps) l a toato of tho ooaaoo* 
tlon am* K && tho pcojoetlon nop «* Kowevost nafovtuaattly, 
ouch oa oaolyolo eroat«r gsoat Olfflooltloo la tht ooeo of ootsa~ 
-goat bundles «o t o correepondins napo boons* too ooanlooatoi oaft 
j«OD«trioally obacuro. fhlo boeoaoo oa lapodinent l a ftovoloplag 
tho gooaofeqr of ootoagoat bundloo oa tho oaoo Unoo on that of 
2aa£ont buadloo. 
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